In this paper we consider the stability of some inflating brane-world models in quantum cosmology. It is shown that, whereas the singular model based on the construction of inflating branes from Euclidean fivedimensional anti-de Sitter space is unstable to tensorial cosmological perturbations in the bulk, the nonsingular model which uses a five-dimensional asymptotically anti-de Sitter wormhole to construct the inflating branes is stable to these perturbations.
The scale factor of the five-dimensional Garriga-Sasaki model for an inflating brane world, which describes a spacetime with topology RϫS 4 , i.e., denoting the metric on the unit four-sphere by d⍀ 4 2 , ds 2 ϭdr 2 ϩa͑r ͒ 2 d⍀ 4 2 , is given by ͓1͔ a͑r ͒ϭᐉsinh͑ r/ᐉ ͒, ͑2.1͒
where ᐉϭ(Ϫ6/⌳ 5 ) 1/2 is the anti-de Sitter radius and r is the extra fifth coordinate. It was pointed out in Refs. ͓1,2͔ that this solution may lead to a problem. The problem is that the nonvanishing components of the five-dimensional Weyl tensor C give rise to the invariant quantity C 2 ϰa(r)
Ϫ4
which may vanish at rϭ0 if we take for a(r) solution ͑2.1͒. This shortcoming was circumvented by using the same spacetime topology as in the Garriga-Sasaki model, but for a scale factor given by
͑2.2͒ ͑with ␤ϭ1ϩ4A 2 ⌳ 5 ) while still producing the same de Sitter inflating brane-world model.
In this paper it will be seen that the solution used by Garriga-Sasaki is unstable in yet another respect, that of the gravitational-wave perturbations on the bulk, and that using again a solution such as Eq. ͑2.2͒ also solves this new problem for constructing an inflating de Sitter brane-world scenario. This can be explicitly shown by considering the Lifshitz-Khalatnikov tensorial cosmological perturbations ͓5͔ generalized to a five-dimensional Friedmann-RobertsonWalker manifold ͓6͔ for the scale factors given by Eqs. ͑2.1͒ and ͑2.2͒. Expanding in five-dimensional tensor harmonics and taking for the most general metric perturbations ͓6͔ h ␣␤ ϭ͑ ͒P ␣␤ ϩ͑ ͒Q ␣␤ ϩ͑ ͒S ␣␤ ϩ͑ ͒H ␣␤ , where P ␣␤ , Q ␣␤ , S ␣␤ , and H ␣␤ are tensor harmonics derived from the scalar, vector, and tensor harmonics defined on the four-sphere ͓6͔, and the coefficients (), (), (), and () are functions of the conformal extra coordinate ϭ͐dr/a(r). 
in which * is an integration constant. The scale factor expressed in terms of the conformal radial coordinate becomes then
The differential equation ͑2.4͒ can therefore be written as
We note that even for the zero mode ᐉϭ0 there is an instability, as the solution to this equation reads
in which 0 and 0 Ј are integration constants. It follows that for →ϱ ͑i.e., as r→0) blows up. In the corresponding Lorentzian case this mode would oscillate along the timelike extra dimension. The conclusion thus obtained is that the five-dimensional bulk is unstable for solution ͑2.1͒ or ͑2.6͒. For ᐉϭ0, we now obtain
with 0 Ј an integration constant. It follows that for ᐉϭ0 the coefficient will be generally given as polynomials of certain powers, pрd, of cosh(Ϫ * ) and sinh(Ϫ *
) and some of their mutual products for odd d, and as similar ͑not identical͒ polynomials plus a term (Ϫ * ) ͑with a constant͒ for even d. In the Lorentzian framework, the polynomials are similarly given in terms of circular rather than hyperbolic functions. Then we see that the above conclusion for dϭ5 can be extended for any arbitrary dimension d.
III. STABILITY OF ASYMPTOTICALLY ANTI-DE SITTER WORMHOLES
We shall show now that the above kind of instability problem is no longer present in the case where we use solution ͑2.2͒. which tends either to vanish for odd ᐉ or to a finite nonzero constant →K,3K, . . . , the Lorentzian solution would again tend to a generally finite constant. Therefore, gravitational-wave perturbations do not induce any instability in the fivedimensional bulk for our nonsingular solution.
It is rather interesting to realize that the stability to tensorial perturbations of formally the same solutions for the scale factor will critically depend on the number of dimensions of the spacetime we deal with. In fact, there exist fourdimensional asymptotically anti-de Sitter Euclidean wormholes ͓9,10͔ which are characterized by a Robertson-Walker metric and a scale factor which is exactly the same as that given by Eq. ͑2.2͒ for a cosmological constant ⌳ 4 ϵ⌳. Such wormholes are usually obtained as the Euclidean solution that corresponds to the case of a massless scalar field which is conformally coupled to the Hilbert-Einstein gravity plus a cosmological constant ⌳ ͓9,10͔. However, even for the case ᐉϭ0, the solution appears to be unstable to the same kind of tensorial perturbations to which solution ͑2.2͒ is in fact stable. In this case, the differential equation is modified to be
The solution to Eq. ͑3.10͒ is
where E is the elliptic integral of the second kind ͓8͔, and A is the amplitude of the corresponding elliptic function ͓8͔.
We can readily check that in fact this solution diverges as →ϱ. The counterpart for the Lorentzian baby universe will nevertheless be stable to gravitational-wave perturbations and corresponds to the solution
with L a compact time coordinate.
IV. CONCLUSIONS
The conclusions of this paper are that, whereas the Garriga-Sasaki instanton based on a trivial extension to five or arbitrarily higher dimensions than the usual fourdimensional anti-de Sitter instanton and the kind of fourdimensional Euclidean asymptotically anti-de Sitter wormhole we have just discussed are unstable to the tensorial gravitational-wave-like perturbations, the baby universe associated with that wormhole and the nonsingular fivedimensional instanton which was used in ͓2͔ to replace the Garriga-Sasaki solution ͓1͔ are both stable to the Lorentzian counterpart of such perturbations. A caveat to these conclusions should be mentioned. It is that, since the tensorial instability of the five-dimensional anti-de Sitter instanton takes place as r→0, this instability would coincide with the other kind of instability identified for that solution which arises from the invariant Weyl tensor C 2 also at rϭ0. Whether or not these two apparently distinct kinds of instabilities share a common ultimate origin is to be investigated. We note, moreover, that the presence of such instabilities appears to be independent of the value of r at which the brane is placed. On the other hand, the five-dimensional wormhole instanton, and hence the brane constructed from it, is stable as one approaches the limiting values of r at both rϭ0 and rϭϱ.
